
The five-loop beta function of
Yang-Mills theory with fermions

Takahiro Ueda
Juntendo U.

with Franz Herzog, Ben Ruijl, Jos Vermaseren, Andreas Vogt
U. of Edinburgh Ruijl Research Inc. Nikhef U. of Liverpool

based on JHEP 02 (2017) 090, arXiv:1701.01404 [hep-ph]

2025 ICBS

https://en.juntendo.ac.jp/
https://www.ed.ac.uk/
https://symbolica.io/
https://www.nikhef.nl/en/
https://www.liverpool.ac.uk/
https://doi.org/10.1007/JHEP02(2017)090
https://arxiv.org/abs/1701.01404


Outline

Introduction

Results

Computational methods

Discussion

1/28



Introduction



Strong interaction

Fundamental force binding quarks into nucleons

Deep understanding essential for analyses of experiments at the LHC

Figure from arXiv:2410.22148 (Sherpa 3)

Proton collisions
→ many strongly interacting particles

High-precision experimental data
↔ High-precision theoretical predictions

Precision is key
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Running coupling constant

Strength varies with the energy scale
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Results



Group notation (1)

Fermions
(matter particles)

transform in a representation of a simple compact Lie group

[Ta,Tb]= i f abcT c

• Ta are generators of the representation of the fermions

trace normalisation: Tr(TaTb)= TFδ
ab

• (Ca)bc =−i f abc are generators of the adjoint representation
(gauge group; force-carrying particles)

Quadratic Casimir invariants CF and CA:

(TaTa)i j = CFδi j , f acd f bcd = CAδ
ab
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Group notation (2)
At L ≥ 4 loops, we also need quartic group invariants

dabcd
A dabcd

A

NA
,

dabcd
F dabcd

A

NA
,

dabcd
F dabcd

F

NA

dabcd
F = 1

6
Tr

(
TaTbT cTd +permutations

)
dabcd

A = 1
6

Tr
(
CaCbCcCd +permutations

)
* No symmetric tensors with an odd number of indices (Furry’s theorem)

• Ta are generators of the fermionic representation

• Ca are generators of the adjoint representation

• NA is the dimension of the adjoint representation
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Old resultsβ(αs)=−
∞∑

i=0
βi
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)i+2
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Timeline of β4

β4 = c0 + c1n f + c2n2
f + c3n3

f + c4n4
f

2000 2010 20201995 2005 2015

1996 Gracey (large-n f limit; n4
f -term only)

2012 Baikov, Chetyrkin, Kühn, Rittinger (QED)

2016 Baikov, Chetyrkin, Kühn (SU(3))

2016 Luthe, Maier, Marquard, Schröder
(generic group but n4

f and n3
f -terms only)

2017 Herzog, Ruijl, TU, Vermaseren, Vogt (generic group)

2017 Luthe, Maier, Marquard, Schröder (generic group)
Confirmed our results

Other QCD renormalisation constants at 5-loop in MS:

2014 Baikov, Chetyrkin, Kühn, quark mass and field anomalous dimensions (SU(3))

2016 Luthe, Maier, Marquard, Schröder, quark mass and field anomalous dimensions

2017 Luthe, Maier, Marquard, Schröder, ghost field and ghost-gluon vertex anomalous dimensions

2017 Baikov, Chetyrkin, Kühn, quark mass dimensions

2017 Chetyrkin, Falcioni, Herzog, Vermaseren, complete dependence on the covariant gauge parameter ξ

Baikov, Chetyrkin, Kühn: computed β4 for SU(3), QCD describing the real world
strong interaction

Our work: computed β4 not only for SU(3) but for a generic group
first complete validation by a second independent calculation,
applicable for other QCD-like theories
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Strategy



Perturbative QFT: crash cource (I)

Start from the Yang-Mills Lagrangian with fermions (3 QCD):

gauge bosons fermions

Lcl =−1
4

Fa
µνFµν

a +
∑
f
ψ̄ f (i /D−m f )ψ f

If the strong coupling αs is relatively small, amplitudes can be computed by
perturbative expansion. Draw all possible Feynman diagrams using:

∼p
αs ∼p

αs
∼αs

freely propagating
fermions and
gauge bosons

interaction vertices

Diagrams drawn with TikZ-FeynHand 9/28

https://arxiv.org/abs/1802.00689
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Perturbative QFT: crash cource (II)

You can draw diagrams for a reaction amplitude, e.g., for qq̄ → qq̄:

+ ∼αs

Each diagram can be translated into a mathematical expression
via Feynman rules

10/28



Perturbative QFT: crash cource (III)

If a loop appear in your diagram, quantum mechanics tells you that all
possible momentum states of the internal line must be summed up,
leading to an integral (Feynman integral), often divergent

k
∼

∫
d4k
k4 (logarithmically divergent)

Ultraviolet (UV) divergence: k →∞
Infrared (IR) divergence: k → 0 (or collinear)

11/28



Perturbative QFT: crash cource (IV)
Dimensional regularisation: change the dimension of spacetime
from 4 to D = 4−2ε Bollini, Giambiagi ’72; ’t Hooft, Veltman ’72

Divergences are expressed as poles
1
εn

Good news:
• IR divergences are canceled out in the end (KLM theorem)

• UV divergences can be removed by renormalisation
Scale evolution (β func.) is related to UV divergences, i.e.,
renormalisation constants ⇒ We only need UV divergent part

Bad news:
• Multi-loop Feynman integrals are notoriously difficult to evaluate

12/28
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Background field method

Abbott ’81; Abbott, Grisaru Schaefer ’83

Split the gauge field into the classical background field and additional
quantum fluctuations

The coupling renormalisation constant can be obtained from the 2-point
function of the background field

Only need to compute the divergence of

13/28



Background field method

Abbott ’81; Abbott, Grisaru Schaefer ’83

Split the gauge field into the classical background field and additional
quantum fluctuations

The coupling renormalisation constant can be obtained from the 2-point
function of the background field

Only need to compute the divergence of

13/28



Background field method

Abbott ’81; Abbott, Grisaru Schaefer ’83

Split the gauge field into the classical background field and additional
quantum fluctuations

The coupling renormalisation constant can be obtained from the 2-point
function of the background field

Only need to compute the divergence of

13/28



Infrared rearrangement (IRR)
Superficial (i.e., overall) UV divergence: coming from the region where all loop
momenta go to ∞
All mass scales (internal masses and external momenta) can be ignored

Vladimirov ’80

sup.UV div.

[ ]
= sup.UV div.

[ ]

= sup.UV div.

[ ]

= sup.UV div.

[ ]

Log-divergences are mass-independent in the dimensional regularisation
Rearrange diagram in such a way that the evaluation becomes easier
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Computing pole parts

div.

[ ]
= sup.UV div.

[ ]
+ (

UV/IR subdivergences
)

L-loops L-loops lower loops

= sup.UV div.

[ ]

= sup.UV div.

[ ] integrate
1-loop

R∗

(local) R∗-operation:
generalisation of the BPHZ R-operation,
diagrammatically identifying/subtracting both UV and IR

Chetyrkin, Tkachov ’82; Chetyrkin, Smirnov ’83, ’84;
Extension for arbitrary numerator structure: Herzog, Ruijl ’17;
Hopf algebra structure: Beekveldt, Borinsky, Herzog ’20

Poles of 5-loop diagrams can be computed as 4-loop massless propagator diagrams
15/28
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https://arxiv.org/abs/2003.04301
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Forcer

evaluating 4-loop massless propagator-type integrals



Forcer program

Program implemented in the FORM language (→ next page)
for 4-loop massless propagator-type scalar Feynman integrals
Ruijl, TU, Vermaseren ’17

https://github.com/benruijl/forcer

Extends the 3-loop Mincer approach to 4-loops
Chetyrkin, Tkachov ’81; Schoonschip version: Gorishny, Larin, Surguladze, Tkachov ’89;

FORM version: Larin, Tkachov, Vermaseren ’91

Heavily used for, e.g., 4-loop QCD calculations
Davies, Vogt, Ruijl, TU, Vermaseren ’16; Ruijl, TU, Vermaseren, Vogt ’17; Moch, Ruijl, TU, Vermaseren, Vogt ’17;
Moch, Ruijl, TU, Vermaseren, Vogt ’18; Moch, Ruijl, TU, Vermaseren, Vogt ’21; Moch, Ruijl, TU, Vermaseren, Vogt ’23;
· · ·
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FORM

Toolkit for symbolic manipulation of very big expressions
https://www.nikhef.nl/~form/
FORM 4.2: Ruijl, TU, Vermaseren ’17
FORM 5.0: coming soonFor physicists & mathematicians:

input

manipulation

output

your mathematical expressions

manipulations (e.g., substitutions) on each term
in your expressions

can be the input for another set of manipulations

17/28
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FORM

Toolkit for symbolic manipulation of very big expressions
https://www.nikhef.nl/~form/
FORM 4.2: Ruijl, TU, Vermaseren ’17
FORM 5.0: coming soonFor computer scientists:

input

manipulation

output

may not fit in memory

expressions may
blow up

may not fit in memory

Problem:
parallel streaming sort (disk to disk),
but the term size unfixed,
the number of terms varies,
sometimes terms get merged or
cancel out

xy+2xy→ 3xy
xy− xy→ 0

FORM is a physicist’s solution for this problem
17/28
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Integration-by-parts identities (IBPs)
Chetyrkin, Tkachov ’81

The divergence theorem in the D-dimensional space-time∫
dD k

∂

∂kµ
f µ = 0

gives linear relations among Feynman integrals

Example: 1-loop massless scalar self-energy

F(n1,n2)=
∫

dD p
1

(p2)n1 [(Q− p)2]n2

(D−2n1 −n2)F(n1,n2)−n2F(n1 −1,n2 +1)+n2F(n1,n2 +1)= 0

(D−n1 −2n2)F(n1,n2)−n1F(n1 +1,n2 −1)+n1F(n1 +1,n2)= 0

Not all Feynman integrals are independent; reduction to master integrals (MIs)
18/28

Q
p

Qn1
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Q2 = 1
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Forcer approach

Extension of the 3-loop Mincer approach to 4-loops

Applies reduction rules and/or symmetries determined from
the graph structure (topology) to obtain simpler integrals

1-loop integ.−−−−−−−−→

non-integer power

Chetyrkin, Kataev, Tkachov ’80;
Chetyrkin, Tkachov ’81

1 edge removal−−−−−−−−−−→ or

Triangle rule from IBPs: Chetyrkin, Tkachov ’81;
Diamond extension: Ruijl, TU, Vermaseren ’15

Automatised code generation
19/28

https://arxiv.org/abs/1504.08258
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2-loop reduction flowchart

Use the triangle rule and perform one-loop integrals

 

T1

d5

d6

d3

d4

d2

d1

T2

T3
One loop-insertion

Triangle rule

symmetry

tadpoles are 
dropped

Topologies in which

can be applied

T1 : top-level topology

T2

T3d4

d3 d2

d1

Topology 
transitions

All integrals are expressed in terms of gamma functions
20/28



3-loop reduction flowchart ('Mincer)

 

benz

d34 d35d38d39 d40

la

d36 d37

no

t1star5

d12

d3 d6

d1

d5

d27 d24d29d22d28 d25

d21 d18 d20d15d19

d10

d4

d7

d14

d2

d13 d9 d8

d17

d11

d31d32d33

d30

d23d26

One loop-insertion

Triangle rule
Carpet integral

3 top-level topologies
benz no la

t1star5

d1Special rules for 2 topologies
no, t1star5          2 MIs
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4-loop reduction flowchart (Forcer)
All possible topologies classified

no2

d387d394 d420d424

no1

no6 d391 d399d406d416

haha la4

d401 d425 d426 d427

j1

d392 d396d417d421d422 d423

j6

d386d418d419

j2

d388d397 d411d412d413d414 d415

j5

d402d403 d404d405 d407d408d409 d410

j11

d398 d400

no3

d393

j4

d389 d390

bubud306 d378d308 lala

d207 d220d234 d235d222

nono

bebed217 d218cross

d181d159 d160 d184d176d167 d185

d212 d206d209 d213 lastar5

fastar2 d114d115 d119

nostar0

d118 d137

nostar5

bustar5 d135d128

nostar6

fastar3d136 d127d144

d83 d89 d103d104d58 d57 d98 d110d93 d76 d73d75 d69

t1star05

d15

t1star24

d18 d25

t1star34

d16

t1star45

d19

t1star55

d20

d5d8

d1

d2

d10

d4

d6d11

d7

d51 d36d35 d42d52

d22 d24

d3 d9

d27

d34d38 d45d49

d12 d23

d41 d39d30

d17d14 d13

d86 d70d72 d64 d74

d47

d21d29

d94 d71d66

d43

d26

d77 d81d60 d87 d92 d79

d33d50 d32d37

d28

d91d90 d88d111d113

d112

d170d166 d171d163 d153

d102 d101 d95d100d96 d97

d53

d99

d155d156 d172 d180d178d187 d186d173 d189

d281 d280 d215 d221d208d270 d271

d165 d157 d168d140d175

d65d59d63

d336 d381 d339d327d334 d332 d333d328d324 d326d305 d325d310 d385d321 d345d353 d349d354 d356d311 d344d316 d379

d285d284 d257 d211d197 d236d263d205d239d229

d121

d216

d162 d161d158

d62d68

d164 d146

d80d78

d124

d108

d190 d191

d219 d266d256 d232 d244

d174 d179

d260d250d259d273 d243

d142d130

d254 d262d275 d264d252 d246

d141 d143

d196

d338d337 d383d384 d314d315d320 d323 d347 d352

d272d282 d278 d267d279 d276

d133

d194d287

d145 d134d147d154 d169

d61 d109

d283 d198

d357 d300 d303d342 d370 d366 d296d299 d302 d295 d293d377d375

d231 d248d258d253 d255d233 d241d247d225

d116

d193 d289

d150d122 d125 d117 d152d183 d182 d151d188
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416 out of 437 topologies are straightforward to simplify thanks to their structure
(1-loop integration/triangle rule etc.)

The remaining 21 topologies require special rules
Constructed manually from IBPs, but considerably computer-assisted,
heuristics/brute-force search, sometimes optimised on a trial and error basis

Hand-coding is impossible—write a program to automatically generate
the flowchart and reduction code—a 2,794-line Python script (using igraph)
generated 39,406 lines of FORM code
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4-loop reduction flowchart (Forcer)
All possible topologies classified
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416 out of 437 topologies are straightforward to simplify thanks to their structure
(1-loop integration/triangle rule etc.)

The remaining 21 topologies require special rules
Constructed manually from IBPs, but considerably computer-assisted,
heuristics/brute-force search, sometimes optimised on a trial and error basis

Hand-coding is impossible—write a program to automatically generate
the flowchart and reduction code—a 2,794-line Python script (using igraph)
generated 39,406 lines of FORM code
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4-loop reduction flowchart (Forcer)
All possible topologies classified
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416 out of 437 topologies are straightforward to simplify thanks to their structure
(1-loop integration/triangle rule etc.)

The remaining 21 topologies require special rules
Constructed manually from IBPs, but considerably computer-assisted,
heuristics/brute-force search, sometimes optimised on a trial and error basis

Hand-coding is impossible—write a program to automatically generate
the flowchart and reduction code—a 2,794-line Python script (using igraph)
generated 39,406 lines of FORM code
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4-loop reduction flowchart (Forcer)
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416 out of 437 topologies are straightforward to simplify thanks to their structure
(1-loop integration/triangle rule etc.)

The remaining 21 topologies require special rules
Constructed manually from IBPs, but considerably computer-assisted,
heuristics/brute-force search, sometimes optimised on a trial and error basis

Hand-coding is impossible—write a program to automatically generate
the flowchart and reduction code—a 2,794-line Python script (using igraph)
generated 39,406 lines of FORM code
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4-loop reduction flowchart (Forcer)
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416 out of 437 topologies are straightforward to simplify thanks to their structure
(1-loop integration/triangle rule etc.)

The remaining 21 topologies require special rules
Constructed manually from IBPs, but considerably computer-assisted,
heuristics/brute-force search, sometimes optimised on a trial and error basis

Hand-coding is impossible—write a program to automatically generate
the flowchart and reduction code—a 2,794-line Python script (using igraph)
generated 39,406 lines of FORM code
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May the Forcer be with you
Forcer is a FORM program for 4-loop massless propagator-type scalar Feynman integrals

Reduction to the master integrals (MIs) / optionally Laurent expansion in ε
MIs all known: Baikov, Chetyrkin ’10; Lee, Smirnov, Smirnov ’11

Example: “no1” topology

Q Q

p1

p2 p3

p4

p5

p6p7

p8

p9 p10
p11

Q2 6= 0

∫
dD p1dD p2dD p3dD p4

(2p2 · p4)−n12 (2Q · p2)−n13 (2Q · p3)−n14

(p2
1)n1 . . . (p2

11)n11

(n1 ,. . . ,n11: integers, n12 ,. . . ,n14: non-positive integers)
23/28

https://arxiv.org/abs/1004.1153
https://arxiv.org/abs/1108.0732


May the Forcer be with you
Forcer is a FORM program for 4-loop massless propagator-type scalar Feynman integrals

Reduction to the master integrals (MIs) / optionally Laurent expansion in ε
MIs all known: Baikov, Chetyrkin ’10; Lee, Smirnov, Smirnov ’11

Example: “no1” topology

Q Q

p1

p2 p3

p4

p5

p6p7

p8

p9 p10
p11

Q2 6= 0

∫
dD p1dD p2dD p3dD p4

(2p2 · p4)−n12 (2Q · p2)−n13 (2Q · p3)−n14

(p2
1)n1 . . . (p2

11)n11

(n1 ,. . . ,n11: integers, n12 ,. . . ,n14: non-positive integers)
23/28

https://arxiv.org/abs/1004.1153
https://arxiv.org/abs/1108.0732
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Forcer is a FORM program for 4-loop massless propagator-type scalar Feynman integrals
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May the Forcer be with you
Forcer is a FORM program for 4-loop massless propagator-type scalar Feynman integrals

Reduction to the master integrals (MIs) / optionally Laurent expansion in ε
MIs all known: Baikov, Chetyrkin ’10; Lee, Smirnov, Smirnov ’11

Example: “no1” topology

Benchmark: no1(2,2,2,2,2,2,2,2,2,2,2,-1,-1,-1),
complexity 14 relative to the MI no1(1,1,1,1,1,1,1,1,1,1,1,0,0,0)

[no1(2,2,2,2,2,2,2,2,2,2,2,-1,-1,-1)] =

-10/9*num(1+2*ep)ˆ2*num(2+5*ep)*num(3+2*ep)ˆ2*num(3+5*ep)*num(4+5*ep)*num(6+5*ep)*num(7+5*ep)*num(8+5*ep)*num(9+5
*ep)*num(36141384+167650024*ep+369157793*epˆ2+504389598*epˆ3+470560515*epˆ4+312347786*epˆ5+149770838*epˆ6+
51734214*epˆ7+12600912*epˆ8+2060632*epˆ9+203648*epˆ10+9216*epˆ11)*den(1+ep)ˆ2*den(2+ep)ˆ2*den(2+3*ep)*den(3+ep)ˆ2
*den(4+3*ep)*den(5+3*ep)*den(7+3*ep)*den(8+3*ep)*Master(no1)

+ (20 terms) (rational function of ε)×MI

Exact result: 3.7 hours on a desktop PC with 4 threads 23/28

https://arxiv.org/abs/1004.1153
https://arxiv.org/abs/1108.0732


Computations

Feynman diagrams for the background propagator up to 5 loops
generated using QGRAF Nogueira ’93

→ >100k 5-loop diagrams

Use FORM to apply Feynman rules, determine topologies, calculate colour
factors etc., merge diagrams with the same factor
→ 9414 5-loop meta diagrams

Local R∗ operation implemented in FORM interfaced with Forcer

The total CPU time for the 5-loop diagrams was 3.8×107s (' 440days)
Parallelised as much as possible with >500 cores, finished in 3 days
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Series convergence

β̃ := β

βLO

β̃(αs,n f = 3)= 1+0.565884αs +0.453014α2
s +0.676967α3

s +0.580928α4
s

β̃(αs,n f = 4)= 1+0.490197αs +0.308790α2
s +0.485901α3

s +0.280601α4
s

β̃(αs,n f = 5)= 1+0.401347αs +0.149427α2
s +0.317223α3

s +0.080921α4
s

β̃(αs,n f = 6)= 1+0.295573αs −0.029401α2
s +0.177980α3

s +0.001555α4
s

No evidence of any increase of the coefficients indicative of
a non-convergent perturbative expansion

Convergence enhanced for larger n f
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Scale evolution
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As an illustrative example,
hypothetically fix αs(Q2 = 40GeV2)= 0.2
and assume 4 of active flavours

Even at rather low scales,
the 5-loop contributions are much smaller
than the 4-loop contributions

0.4% vs. 2% at 1GeV2

27/28



Conclusion



Conclusion

5-loop beta function in QCD-like theories, valid for a set of n f -flavour
fermions in any representation of any simple Lie group

Computed via local R∗ + Forcer within the background field method

Results consistent with other groups

At 5-loop level, the strong coupling evolution now under perfect control

Ready for N4LO—next frontier of precision QCD
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